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BERGMAN KERNEL ALONG THE KA¨HLER RICCI FLOW AND
TIAN’S CONJECTURE
WENSHUAI JIANG
Abstract. In this paper, we study the behavior of Bergman kernels along the
Ka¨hler Ricci flow on Fano manifolds. We show that the Bergman kernels are
equivalent along the Ka¨hler Ricci flow under certain condition on the Ricci
curvature of the initial metric. Then, using a recent work of Tian and Zhang,
we can solve a conjecture of Tian for Fano manifolds of complex dimension
≤ 3.
1. Introduction
A Fano manifold is a compact Ka¨hler manifold with positive first Chern class.
It has been one of main problems in Ka¨hler geometry to study if a Fano man-
ifold admits a Ka¨hler-Einstein metric since the Calabi-Yau theorem on Ricci-flat
Ka¨hler metrics in 70’s and the Aubin-Yau theorem on Ka¨hler-Einstein metrics with
negative scalar curvature. This problem is more difficult because there are new ob-
structions to the existence. It was conjectured that the existence of Ka¨hler-Einstein
metrics on M is equivalent to the K-stability, the Yau-Tian-Donaldson conjecture
in the case of Fano manifolds.
Theorem 1.1. Let M be a Fano manifold without non-zero holomorphic vector
fields, then M admits a Ka¨hler-Einstein metric if and only if it is K-stable.
The necessary part of this theorem is proved by Tian in [29]. Last Fall, Tian
gave a proof for the sufficient part (see [31]) by establishing the partial C0-estimate
for conic Ka¨hler- Einstein metrics. Another proof for the sufficient part was given
in [9, 10, 11]
An older approach for solving the conjecture is to solve the following complex
Monge-Ampere´ equations by the continuity method:
(1.1) (ω +
√−1∂∂ϕ)m = eh−tϕ ωm, ω +√−1∂∂ϕ > 0,
where ω is a given Ka¨hler metric with its Ka¨hler class [ω] = 2πc1(M) and h is
uniquely determined by
Ric(ω) − ω = √−1∂∂h,
∫
M
(eh − 1)ωm = 0.
Let I be the set of t for which (1.1) is solvable. Then we have known: (1) By the
well-known Calabi-Yau theorem, I is non-empty; (2) In 1983, Aubin proved that I
is open; (3) If we can have an a prior C0-estimate for the solutions of (1.1), then I
is closed and consequently, there is a Ka¨hler-Einstein metric on M .
Key words and phrases. Ka¨hler Ricci flow, scalar curvature, Bergman kernel, partial C0-
estimate.
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However, the C0-estimate does not hold in general since there are many Fano
manifolds which do not admit any Ka¨hler-Einstein metrics. The existence of
Ka¨hler-Einstein metrics required certain geometric stability on the underlying Fano
manifolds. In 90’s, Tian proposed a program towards establishing the existence of
Ka¨hler-Einstein metrics. The key technical ingredient of this program is a par-
tial C0-estimate conjecture( Conjecture 1.3). Tian affirmed that if one can prove
this conjecture( Conjecture 1.3) for the solutions of (1.1), then one can use the
K-stability to derive the a prior C0-estimate for the solutions of (1.1), and conse-
quently, the existence of Ka¨hler-Einstein metrics. In this paper, we will solve Tian’s
partial C0-estimate conjecture for complex dimension ≤ 3.
Let (M,ω) be a Fano manifold and K−1M be its anti-canonical bundle. Choose
a hermitian metric Hω with ω as its curvature form and any orthonormal basis
{Si}1≤i≤N of H0(M,K−lM ), with respect to the induced inner product induced by
H⊗lω and ω, where N = dimH
0(M,K−lM ). Then, following [31], we define the
Bergman kernel by
(1.2) ρω,l(x) =
N∑
i=1
||Si||2H⊗lω (x).
This is independent of the choice of Hω and the orthonormal basis {Si}.
Remark 1.2. Denote
||S||2
H⊗lω ,ω
=
∫
M
||S||2
H⊗lω
(x)dµ(x)
and
ηω(x) = sup
||S||2
H
⊗l
ω ,ω
=1
||S||2
H⊗lω
(x),
then we have the following inequalities:
(1.3)
1
N
ρω,l(x) ≤ ηω(x) ≤ ρω,l(x).
Denote by K(R0, V0,m) the set of all compact Ka¨hler manifolds (M,ω) of com-
plex dimension m such that [ω] = 2πc1(M), Ric(ω) ≥ R0 > 0 and Vol(M,ω) ≥
V0 > 0. In 1990, Tian proposed the following conjecture:
Conjecture 1.3 (Tian [28, 30]). For each (M,ω) ∈ K(R0, V0,m), there are uniform
constants ck = c(m, k,R0, V0) > 0 (k ≥ 1) and li → ∞ with i ≥ 0 and l0 = l0(m),
such that for all l = li, we have
ρω,l > cl > 0.
Remark 1.4. Tian also mentioned a stronger version of Conjecture 1.3: There are
uniform constants ck = c(m, k,R0, V0) > 0 for k ≥ 0 and l0 = l0(m), such that for
all l ≥ l0, we have ρω,l > cl > 0.
In this paper, using recent regularity theory developed by Tian and Zhang [33]
for Ka¨hler Ricci flow, we solve Tian’s conjecture for complex dimensions 2 and 3:
Theorem 1.5. Let (M,ω) be a compact Ka¨hler manifold of complex dimension
2 or 3 and. We further assume a positive Ricci curvature lower bound Ric(ω) ≥
R0 > 0 and a volume lower bound V ≥ V0 > 0. Then there are uniform constants
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ck = c(m, k,R0, V0) > 0 for all k ≥ 1 and li →∞ with i ≥ 0 and l0 = l0(m,R0, V0),
such that for all l = li, we have
ρω,l > cl > 0.
Following Tian’s approach, we can prove(see also [36])
Corollary 1.6. The Yau-Tian-Donaldson conjecture holds for complex dimension
≤ 3.
We can also prove a stronger version of Tian’ Conjecture in complex dimension
1,
Theorem 1.7. Let (M,ω) be a Ka¨hler manifold of complex dimension 1 and with
positive first Chern class. Then for all l ∈ N+, the Bergman kernel ρω,l has a
uniform positive lower bound cl > 0, depending only on positive curvature lower
bound, volume lower bound and l:
(1.4) ρω,l > cl > 0.
In order to study the Bergman kernel, we consider the Ka¨hler Ricci flow
(1.5) ∂tgij¯ = gij¯ − Rij¯ = uij¯ , t > 0
on a compact Ka¨hler manifold M of complex dimension m and with c1(M) > 0.
We can show that the Bergman kernels are equivalent along the Ka¨hler Ricci flow
(1.5), see Theorem 6.10.
Given any initial Ka¨hler metric g(0), Cao [3] proved that (1.5) has a solution for
all time t ≥ 0. Moreover, Perelman (see [25]) proved that the scalar curvature R
is uniformly bounded, and the Ricci potential u is uniformly bounded in C1 norm,
with respect to g(t). One can easily check that these uniform bounds depend on
the Sobolev constant Cs of g(0), the volume V of g(0), the scalar curvature upper
and lower bound of g(0), the upper bound of |∇u|(x, 0). The following theorem is
essentially due to Perelman,
Theorem 1.8. (see [25]) Let g(t) be a Ka¨hler Ricci flow (1.5) on a Fano manifold
M of complex dimension m. There exists a uniform constant C so that
|R(g(t))| ≤ C, diam(M, g(t)) ≤ C, ||u||C1 ≤ C,
where the constant C depends only on dimension m, Vol(M, g(0)), the L2-Sobolev
constant Cs of g(0), bounds of |R(g(0))| and |∇u|(0).
In this paper, we prove that in all complex dimensions, the scalar curvature and
the gradient of Ricci potential |∇u|2 for (M, g(t)) have a bound Ct−n+22 in small
time. Here C depends only on a lower bound of Ricci curvature, the volume bound
of g(0) and an upper bound of diam(M, g(0)). The key result of this paper is the
following:
Theorem 1.9. Let g(t) be a Ka¨hler Ricci flow (1.5) on a Fano manifold M of real
dimension n = 2m. Then there exists a uniform constant C, which depends only
on constant n0 (n0 = n if n ≥ 3 , n0 > 2 if n = 2), the lower bound of Ric(g(0)),
the volume V of g(0) and the upper bound of diameter of g(0). Such that for all
0 < t < 1, we have
(1.6) sup
x∈M
|R(x, t)| ≤ C
t
n0+2
2
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and
(1.7) sup
x∈M
|∇u(x, t)|2 ≤ C
t
n0+2
2
.
Remark 1.10. Note that, one can deduce a uniform lower bound for u by Moser’s
iteration using the L2-Sobolev inequality along the Ka¨hler Ricci flow (Lemma 2.4),
so the gradient bound of u implies the C1-norm of u. Applying the results of
Perelman (Theorem 1.8)and Theorem 1.9, we can estimate the diameter, the C1
norm of Ricci potential, scalar curvature upper bound for all time along the Ka¨hler
Ricci flow.
Theorem 1.9 is a corollary of the following theorem. Its proof replies on Moser’s
iteration combined with the L2-Sobolev inequality along the Ricci flow (see [20]).
Note that the term involving the scalar curvature will be a good term when applying
Moser’s iteration.
Theorem 1.11. Let g(t) be a Ka¨hler Ricci flow on a Fano manifold M of real
dimension n.
∂tgij¯ = gij¯ − Rij¯ = uij¯ , t > 0
Let f be a nonnegative Lipschitz continous function on M × [0,∞) satisfying
(1.8)
∂f
∂t
≤ ∆f + af
on M × [0,∞) in the weak sense, where a ≥ 0,then for any 0 < t < 1, p > 0, we
have
sup
x∈M
|f(x, t)| ≤ C
t
n0+2
2p
(∫ 1
0
∫
M
f(x, t)pdµ(t)dt
) 1
p
,
where C is a positive constant depending only on a, p, constant n0(n0 = n, if n ≥
3, n0 > 2, if n = 2), Sobolev constant Cs of initial metric, volume V of initial
metric and negative lower bound of R(0).
Notations: Let R = R(x, t) be the scalar curvature at time t, V be the volume of
g(0), d be the diameter upper bound of g(0), dµ(t) be the volume element of g(t).
Denote diam(M, g) and Vol(M, g) to be the diameter and volume of (M, g).
The organization of this paper is as follows: In the next section, we give a proof
for Theorem 1.8, we will consider carefully how the quantities rely on the initial
metric. In section 3, we prove Theorem 1.11. The main idea is Moser’s iteration for
parabolic equation (see [20]). In section 4, applying Theorem 1.11, we give the proof
of theorem 1.9. In section 5, we consider the complex 1 case and prove Theorem
1.7. We will divide the proof into several lemmas. In section 6, we consider high
dimension case, we show that Bergman kernels are equivalent along the Ka¨hler
Ricci flow and complete the proof of Theorem 1.5.
2. Perelman’s Scalar Curvature Estimate
In this section, we will give a proof of Theorem 1.8. The method is mainly
similar to [25] and [4]. We will consider carefully all the quantities how to rely
on the initial metric. We only prove complex dimension ≥ 2 case. For complex
dimension 1 Fano manifold, the proof is similar by noticing that Proposition 2.3
can be replaced with Lemma 3.2. First of all, we will show that the Ricci potential
has a uniform lower bound, and then using maximum principle we can control the
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gradient of Ricci potential and scalar curvature upper bound. At last, a diameter
upper bound estimate will conclude the proof.
Now we will prove a uniform Ricci potential lower bound. Firstly, we need to
show the scalar curvature has a uniform lower bound.
Lemma 2.1. There exists a constant C > 0 such that the scalar curvature R of
g(t) satisfies the estimate
R(x, t) ≥ −C
for all t ≥ 0 and all x ∈ M . Here constant C depends only on the lower bound of
R(g(0)).
Proof. By directly computing, we have the evolution of R,
∂
∂t
R = ∆R + |Ric|2 − R.
Let Rmin(0) be the minimum of R(x, 0) on M . If Rmin ≥ 0, then by maximum
principle, we have R(x, t) ≥ 0 for all t > 0 and all x ∈M .
Now suppose Rmin(0) < 0. Set F (x, t) = R(x, t) − Rmin(0). Then, F (x, 0) ≥ 0
and F satisfies
∂
∂t
F = ∆F + |Ric|2 − F −Rmin(0) > ∆+ |Ric|2 − F.
Hence it follows again from the maximum principle that F ≥ 0 on M × [0,∞], i.e.,
R(x, t) ≥ Rmin(0)
for all t > 0 and all x ∈M . 
Next, we will show Perelman’s κ non-collapsing theorem, we need the following:
Lemma 2.2. Let gˆij¯(s), 0 ≤ s < 1 and gij¯(t), 0 ≤ t < ∞, be solutions to the
Ka¨hler Ricci flow (2.1) and (2.2) respectively,
(2.1) ∂sgˆij¯(s) = −Rij¯(s), 0 ≤ s < 1, gˆij¯(0) = gij¯
and
(2.2) ∂tgij¯(t) = gij¯(t) − Rij¯(t), t > 0, gij¯(0) = gij¯ .
Then gˆij¯(s) and gij¯(t) are related by
gˆij¯(s) = (1− s)gij¯(t(s)), t = − log(1 − s)
and
gij¯(t) = e
tgˆij¯(s(t)), s = 1− e−t.

In order to show Perelman’s κ-noncollapsed theorem, we only need to prove the
following:
Proposition 2.3. (Ye [34]) Consider the Ka¨hler Ricci flow (2.2) on Fano manifold.
Then there are positive constants A and B depending only on the dimension m,
a non-positive lower bound for Rg(0), a positive lower bound for Vol(M, g(0)), an
upper bound for Sobolev constant Cs(M, g(0)). Such that, for each t > 0 and all
f ∈ W 1,2(M) there holds
(2.3)
(∫
M
f
2m
m−1 dµ(t)
)m−1
m
≤ A
∫
M
(|∇f |2 + R
4
f2)dµ(t) + B
∫
M
f2dµ(t).
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Consequently, let L > 0 and assume R ≤ 1r2 on a geodesic ball B(x, r) with
0 < r ≤ L. Then there holds
(2.4) Vol(B(x, r)) ≥
(
1
22m+3A + 2BL2
)m
r2m.
Proof. By the monotonicity of W-entropy functional and the flow (2.1) in Lemma
2.2, one can show that(∫
M
f
2m
m−1 dµˆ(s)
)m−1
m
≤ A
∫
M
(|∇f |2gˆ +
Rˆ
4
f2)dµˆ(s) + B
∫
M
f2dµˆ(s)
where constants A and B depend only on the quantities stated in the proposition.
By the relation between (2.1) and (2.2), we have
(∫
M
f
2m
m−1 dµ(t)
)m−1
m
≤ A
∫
M
(|∇f |2 + R
4
f2)dµ(t) + Be−t
∫
M
f2dµ(t)
≤ A
∫
M
(|∇f |2 + R
4
f2)dµ(t) + B
∫
M
f2dµ(t).
At last, to prove the κ-noncollapsed, we can assume r = 1 since we can scale the
metric with factor 1r2 . That is g¯ =
1
r2 g. Thus we have(∫
M
f
2m
m−1 dµ¯(t)
)m−1
m
≤ A
∫
M
(|∇f |2g¯ +
R¯
4
f2)dµ¯(t) + Br2
∫
M
f2dµ¯(t)
≤ A
∫
M
(|∇f |2g¯ +
R¯
4
f2)dµ¯(t) + BL2
∫
M
f2dµ¯(t)
and R¯ ≤ 1 on geodesic ball Bg¯(x, 1). Then a standard argument implies the lower
bound of Volg¯(Bg¯(x, 1)). One can find more details in Ye [34]. 
By taking the trace of (1.5), we get ∆u = m − R. Normalize u so that∫
M
e−udµ(t) = (2π)m.
Then we have
Lemma 2.4. Function u(t) is uniformly bounded from below. That is
u(t) ≥ −C,
where constant C depends only on the constants in Proposition 2.3.
Proof. Since ∆u = m − R, we have
∆e−u = −∆ue−u + |∇u|2e−u ≥ (R −m)e−u.
Denote f = e−u. We have
(2.5) −∆f +Rf ≤ mf.
Multiplying fp to both sides of (2.5) and integrating by parts, we have
4p
(p+ 1)2
∫
M
|∇f p+12 |2dµ(t) +
∫
M
Rfp+1dµ(t) ≤ m
∫
M
fp+1dµ(t).
That is∫
M
|∇f p+12 |2dµ(t) + (p+ 1)
2
p
∫
M
R
4
fp+1dµ(t) ≤ m(p+ 1)
2
4p
∫
M
fp+1dµ(t).
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Since R has a uniform lower bound, so∫
M
|∇f p+12 |2dµ(t) +
∫
M
R
4
fp+1dµ(t) ≤ C p
∫
M
fp+1dµ(t).
Then by Proposition 2.3 and Moser’s iteration, we deduce
sup
x∈M
f(x) ≤ C
∫
M
fdµ(t) = C
∫
M
e−udµ(t) = C(2π)m.
This provides a pointwise lower bound of u. 
Define
W(g, f, τ) = (4πτ)−m
∫
M
e−f{2τ(R+ |∇f |2) + f − 2m}dµ,
∫
M
e−fdµ = (4πτ)m
to be Perelman’s W-entropy functional for g as in [21]. By directly computing, we
have
∂
∂t
W(g(t), f(t), 1
2
) = (2π)−m
∫
M
e−f
(|Ric +∇∇f − ω|2 + |∇∇f |2) dµ(t) ≥ 0
along the following
∂tf = −∆f + |∇f |2 − R + m,
∫
M
e−fdµ(t) = (2π)m,
∂tgij¯(t) = gij¯(t) − Rij¯(t).
Define
µ(g, τ) = inf
{f | ∫
M
e−fdµ=(4πτ)m}
W(g, f, τ).
Then
A0 = µ(g(0),
1
2
) ≤ µ(g(t), 1
2
)
≤
∫
M
(2π)−me−u(R+ |∇u|2 + u− 2n)dµ(t)
=
∫
M
(2π)−me−u(−∆u+ |∇u|2 + u− n)dµ(t)
= −m+ (2π)−m
∫
M
e−uudµ(t).
On the other hand, let F = e−
f
2 (2π)−
m
2 . Then
∫
M
F 2dµ(t) = 1.
W(g, f, 1
2
) =
∫
M
(
RF 2 + 4|∇F |2 − F 2 logF 2) dµ− 2m−m log(2π) ≥ −C.
Here we have used the L2-Sobolev inequality along the Ka¨hler Ricci flow and the
uniform lower bound of scalar curvature. The constant depends only on the con-
stants in Proposition 2.3. Particularly, we have A0 ≥ −C. Moreover, the function
xe−x is bounded from above. Thus we have
Lemma 2.5. Denote a = −(2π)−m ∫M e−uudµ(t), then
|a(t)| ≤ C
where the constant C depends only on the volume of g(0), a lower bound of R(g(0))
and an upper bound of the Sobolev constant Cs = Cs(M, g(0)). 
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The Ricci potential u(x, t) satisfies
∂i∂j¯u = gij¯ − Rij¯ .
Differentiating this, we have
∂i∂j¯ut = gij¯ − Rij¯ +
∂
∂t
∂i∂j¯ log det(gij¯)
= ∂i∂j¯(u+∆u),
which implies
(2.6)
∂
∂t
u = ∆u+ u+ ϕ(t).
However,
0 =
∂
∂t
∫
M
e−udµ(t) =
∫
M
e−u(−∂tu+∆u)dµ(t) =
∫
M
e−u(−u− ϕ(t))dµ(t).
Thus
ϕ(t) = −(2π)−m
∫
M
e−uudµ(t) = a.
By maximum principle, one can easily prove the following:
Lemma 2.6. There is a uniform constant C, so that
(2.7) |∇u|2(x, t) ≤ C(u + C),
(2.8) R ≤ C(u + C),
where the constant depends only on Vol(M, g(0)), the L2-Sobolev constant Cs of
g(0) and upper bounds of |R(g(0))| and |∇u|(0).
Proof. This is essentially a parabolic version of Yau’s gradient estimate in [24]. By
Lemma 2.4, we have u(x, t) ≥ −C. Choosing B = C +1, then u(x, t) +B ≥ 1. Let
H = |∇u|
2
u+B . In order to show (2.7), we only need to estimate an upper bound for
H . By directly computing, we have
(∂t −∆)H = (B − a)|∇u|
2
(u+B)2
− |∇∇u|
2 + |∇∇u|2
u+B
+
2〈∇|∇u|2,∇u〉
(u+B)2
− 2|∇u|
4
(u+B)3
=
(B − a)|∇u|2
(u+B)2
− |∇∇u|
2 + |∇∇u|2
u+B
+
2〈∇H,∇u〉
u+B
.
(2.9)
For each T > 0, suppose H attains its maximum at (x0, t0) on M × [0, T ]. If t0 = 0,
the upper bound of H follows easily by the bound for |∇u|(g(0)). Assume t0 > 0.
Then at (x0, t0) we have
∂tH(x0, t0) ≥ 0, ∇H(x0, t0) = 0, ∆H(x0, t0) ≤ 0.
Substituting these into (2.9), we obtain
(2.10)
(B − a)|∇u|2
u+B
(x0, t0) ≥ |∇∇u|2(x0, t0) + |∇∇u|2(x0, t0).
On the other hand, since ∇H(x0, t0) = 0, we have
∇|∇u|2(x0, t0) = |∇u|
2∇u
u+B
(x0, t0).
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Thus at (x0, t0),
|∇u|3
u+B
= |∇|∇u|2| ≤ |∇u|(|∇∇u|+ |∇∇u|)
≤
√
2|∇u|(|∇∇u|2 + |∇∇u|2) 12 .
Combining with (2.10), we have
2(B − a)H(x0, t0) ≥ H2(x0, t0).
Hence H(x0, t0) ≤ 2(B−a). Let T →∞ and note that a is bounded. We complete
the proof of (2.7).
Now we turn to the proof of (2.8). Our goal is to prove that −∆u is bounded
by C(u + C), which yields (2.8), since ∆u = n − R. Let K = −∆uu+B , where B is a
uniform constant as above. Similar computation as before gives that
(∂t −∆)K = |∇∇u|
2
u+B
+
(−∆u)(B − a)
(u +B)2
+ 2
〈∇K,∇u〉
u+B
.
Combining this with (2.9), we have
(∂t−∆)(K+2H) = −|∇∇u|
2 − 2|∇∇u|2
u+B
+
(−∆u+ 2|∇u|2)(B − a)
(u +B)2
+2
〈∇(K + 2H),∇u〉
u+B
.
For each T > 0, suppose 2H + K attains its maximum at (x0, t0) on M × [0, T ].
If t0 = 0, the upper bound of 2H +K follows easily by the bound for |∇u|(0) and
|R|(0). Assume t0 > 0. Then at (x0, t0) we have
(−∆u+ 2|∇u|2)(B − a)
(u+B)2
≥ |∇∇u|
2 + 2|∇∇u|2
u+B
≥ |∇∇u|
2
u+B
≥ (∆u)
2
m(u +B)
.
Thus
1
m
(
∆u
u+B
)2 + (B − a) ∆u
u+B
≤ 2(B − a)|∇u|
2)
u+B
≤ C.
Here we have used the fact that u+B ≥ 1. Hence | ∆uu+B |(x0, t0) ≤ C. Now for each
(x, t) ∈M × [0, T ],
−∆u
u+B
(x, t) ≤ −∆u+ 2|∇u|
2
u+B
(x, t)
≤ −∆u+ 2|∇u|
2
u+B
(x0, t0)
=
−∆u
u+B
(x0, t0) +
2|∇u|2
u+B
(x0, t0) ≤ C,
Let T →∞. We finish the proof. 
Corollary 2.7. There exits a constant C depending only on the constant of Lemma
2.6, such that,
u(y, t) ≤ C(dist2t (xˆ, y) + 1),
R(y, t) ≤ C(dist2t (xˆ, y) + 1),
|∇u|2(y, t)) ≤ C(dist2t (xˆ, y) + 1)
for all t > 0 and y ∈M , where u(xˆ, t) = minx∈M u(x, t).
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Proof. By Lemma 2.6, we only need to estimate u(x, t). Actually, by (2.7), we have
|∇
√
u+ C| ≤ C.
Hence we have √
u+ C(x, t) ≤
√
u+ C(xˆ, t) + Cdistt(xˆ, x),
where u(xˆ, t) = minx∈M u(x, t). On the other hand, since
∫
M
e−udµ(t) = (2π)m,
we have
u(xˆ, t) ≤ log( V
(2π)m
).
So
u(y, t) ≤ C(dist2t (xˆ, y) + 1).
The other two inequalities follow from this and Lemma 2.6. 
Notice the results in Corollary 2.7. To prove Theorem 1.8, it suffices to estimate
the diameter upper bound. Let B(k1, k2) = {z : 2k1 ≤ distt(xˆ, z) ≤ 2k2}. Consider
an annular B(k, k + 1). By Corollary 2.7 we have that R ≤ C22k on B(k, k + 1)
and note that B(k, k + 1) contains at least 22k−1 balls of radii 1
2k
. By Proposition
2.3 we have
(2.11) Vol(B(k, k + 1)) ≥
∑
i
Vol(B(xi, 2
−k)) ≥ C22k−2km,
where the constant C depends only on the constant in Corollary 2.7 and constants
in Proposition 2.3.
Lemma 2.8. For each ǫ > 0, if diam(M, g(t)) ≥ Cǫ, we can find B(k1, k2) such
that
Vol(B(k1, k2)) < ǫ,
Vol(B(k1, k2)) ≤ 210mVol(B(k1 + 2, k2 − 2)).
Here we can choose Cǫ = 2
( log(V/C)(2m+8) log 2+2)4
(V
ǫ
+2)+1 and C is the constant in (2.11)
Proof. Denote k0 =
log(V/C)
(2m+8) log 2 + 2 and assume diam(M, g) ≥ 2k04
[V
ǫ
]+1+1. Then
we will show that for each k02 ≤ k ≤ k02 4[
V
ǫ ], there exits B(k1, k2) so that 2k ≤ k1 <
k2 ≤ 6k + 1 and
Vol(B(k1, k2)) ≤ 210mVol(B(k1 + 2, k2 − 2)).
Otherwise, by (2.11)
V ≥ Vol(B(2k, 6k + 1)) > 210mVol(B(2k + 2, 6k − 1))
> 210mkVol(B(4k, 4k + 1))
≥ C210mk28k−8km = C22km+8k.
Thus
k ≤ log(V/C)
2(2m+ 8) log 2
.
On the other hand, there must be some 0 ≤ l ≤ [Vǫ ] such that
Vol(B(k04
l, k04
l+1)) < ǫ.
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Otherwise,
V ≥
[Vǫ ]∑
l=0
Vol(B(k04
l, k04
l+1)) ≥ ([V
ǫ
] + 1)ǫ > V.
Getting together all the above arguments will imply the lemma. 
Lemma 2.9. For each 0 < k1 < k2 <∞, there exist r1, r2 and a uniform constant
C such that 2k1 ≤ r1 ≤ 2k1+1, 2k2−1 ≤ r2 ≤ 2k1 and∫
B(r1,r2)
Rdµ(t) ≤ C Vol(B(k1, k2)),
where B(r1, r2) = {z ∈M : r1 ≤ distt(z, xˆ) ≤ r2} and the constant C depends only
on the constant in Corollary 2.7.
Proof. First of all, since
d
dr
Vol(B(r)) = Vol(S(r)),
we have
Vol(B(k1, k1 + 1)) =
∫ 2k1+1
2k1
Vol(S(r))dr.
Here S(r) denotes the geodesic sphere of radius r centered at xˆ with respect to g(t).
Hence, we can choose r1 ∈ [2k1 , 2k1+1] such that
Vol(S(r1)) ≤ Vol(B(k1, k1 + 1))
2k1
≤ Vol(B(k1, k2))
2k1
.
Similarly, there exists r2 ∈ [2k2−1, 2k2 ] such that
Vol(S(r2)) ≤ Vol(B(k2 − 1, k2))
2k1
≤ Vol(B(k1, k2))
2k2
.
Next, by integration by parts and Corollary 2.7,
|
∫
B(r1,r2)
∆udµ(t)| ≤
∫
S(r1)
|∇u|dσ(t) +
∫
S(r2)
|∇u|dσ(t)
≤ Vol(B(k1, k2))
2k1
C2k1+1 +
Vol(B(k1, k2))
2k2
C2k2+1
≤ 4CVol(B(k1, k2)).
Therefore, since R = −∆u+m, it follows that∫
B(r1,r2)
Rdµ(t) ≤ (m+ 4)C Vol(B(k1, k2))
proving Lemma 2.9. Here C is the constant in Corollary 2.7. 
In order to control the diameter of M , we only need to show the following:
Lemma 2.10. There exists a constant ǫ0 > 0. If 0 < ǫ < ǫ0, we can’t find B(k1, k2)
such that
Vol(B(k1, k2)) < ǫ,
Vol(B(k1, k2)) ≤ 210mVol(B(k1 + 2, k2 − 2)).
(2.12)
Here we can choose ǫ0 = (2π)
me6C2
10m+A0+2m and constant C is the constant in
Lemma 2.9 and A0 = µ(g(0),
1
2 ).
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Proof. Actually, if we can find B(k1, k2) such that (2.12) holds. Then we choose
r1, r2 as in Lemma 2.9. Define a cut off function 0 ≤ φ ≤ 1,
φ(s) =
{
1, 2k1+2 ≤ s ≤ 2k2−2,
0, outside [r1, r2].
Then |φ′| ≤ 1 everywhere. Let
F (y) = eLφ(distt(xˆ, y)),
where the constant L is chosen so that
(2π)m =
∫
M
F 2dµ(t) = e2L
∫
B(r1,r2)
φ2dµ(t).
Since Vol(B(r1, r2)) ≤ Vol(B(k1, k2)) < ǫ, thus L ≥ 12 log
(
(2π)m
ǫ
)
.
By monotonicity of W-entropy functional, we have
A0 = µ(g(0),
1
2
) ≤ µ(g(t), 1
2
)
≤ (2π)−m
∫
M
(
RF 2 + 4|∇F |2 − F 2 logF 2) dµ(t)− 2m
= (2π)−me2L
∫
B(r1,r2)
(
Rφ2 + 4|φ′|2 − φ2 logφ2) dµ(t) − 2L− 2m.
By Lemma 2.9 we have
e2L
∫
B(r1,r2)
Rφ2dµ(t) ≤ Ce2LVol(B(k1, k2))
≤ Ce2L210mVol(B(k1 + 2, k2 − 2))
≤ C210m
∫
B(r1,r2)
F 2dµ(t) = C210m(2π)m.
On the other hand, using |φ′| ≤ 1 and −s log s ≤ e−1, we have
e2L
∫
B(r1,r2)
(
4|φ′|2 − φ2 logφ2) dµ(t) ≤ 5e2LVol(B(k1, k2))
≤ 5Ce2L210mVol(B(k1 + 2, k2 − 2))
≤ 5C210m
∫
B(r1,r2)
F 2dµ(t) = 5C210m(2π)m
for 0 ≤ s ≤ 1. The above constant C is the uniform constant in Lemma 2.9.
Therefore,
A0 ≤ −2(L+m) + 6C210m.
Hence we have
log
(
(2π)m
ǫ
)
≤ 2L ≤ 6C210m −A0 − 2m.
Thus it provides
ǫ ≥ (2π)me6C210m+A0+2m

Combining Lemma 2.8 and Lemma 2.10 will finish the proof of Theorem 1.8. 
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3. A Linear Parabolic Estimate
The main purpose of this section is to prove Theorem 1.11. We need two lemmas.
The following lemma is due to Rugang Ye [34] and Qi S. Zhang [35], for n ≥ 3, see
also Proposition 2.3,
Lemma 3.1. Let (M, g(t)) be a Ka¨hler Ricci flow with real dimension n, C1(M) >
0. At time t = 0, the following L2 Sobolev inequality holds
(∫
M
f(x)
2n
n−2 dµ(0)
)n−2
n
≤ Cs
(∫
M
|∇f(x)|2dµ(0) +
∫
M
f2(x)dµ(0)
)
.
Then along the Ka¨hler Ricci flow we have
(∫
M
f(x)
2n
n−2 dµ(t)
)n−2
n
≤ A
(∫
M
4|∇f(x)|2 + (R(x, t) + C0)f2(x)dµ(t)
)
for all 0 ≤ t ≤ 1, where the constants A, C0 depend only on dimension n, Sobolev
constant Cs, volume V of g(0) and a lower bound of R(g(0)).
For n = 2, the following lemma follows from Theorem 1 and Theorem 2 of [17],
Lemma 4.1 of [34] and a standard argument of [1].
Lemma 3.2. Let (M, g(t)) be a Ka¨hler Ricci flow with real dimension 2, C1(M) >
0. At time t = 0, the following L1 Sobolev inequality holds
(∫
M
f(x)2dµ(0)
) 1
2
≤ Cs
(∫
M
|∇f(x)|dµ(0) +
∫
M
|f(x)|dµ(0)
)
.
Then along the Ka¨hler Ricci flow holds
(3.1)(∫
M
f(x)
2n0
n0−2 dµ(t)
)n0−2
n0 ≤ A
(∫
M
4|∇f(x)|2 + (R(x, t) + C0)f2(x)dµ(t)
)
for all 0 ≤ t ≤ 1 and n0 > 2, where the constants A, C0 depend only on constant
n0, Sobolev constant Cs, volume V of g(0) and a lower bound of R(g(0)) .
Outline of the proof. Consider the flow (2.1). By Theorem 1 and Theorem 2 of [17],
for all 0 < s ≤ 1, σ > 0, f ∈ C∞(M, gˆ(s)) and ||f ||L2(M,gˆ(s)) = 1, we obtain
(3.2)
∫
M
f2 log f2dµˆ(s) ≤ σ
∫
M
(
4|∇f(x)|2gˆ + Rˆf2(x)
)
dµˆ(s)− log σ + C.
Taking the minimum of the right hand side respect to σ, then for all n0 > 2, we
have∫
M
f2 log f2dµˆ(s) ≤ log
(
C
∫
M
(
4|∇f(x)|2gˆ + (Rˆ + C0)f2(x)
)
dµˆ(s)
)
≤ n0
2
log
(
C
∫
M
(
4|∇f(x)|2gˆ + (Rˆ + C0)f2(x)
)
dµˆ(s)
)
.
The following argument is standard, see section 10.2 of [1] and Proposition 2.3. 
Remark 3.3. One can easily check that the constants A in Lemma 3.1 and 3.2
do not depend on the time t, since the constant C in (3.2) doesn’t depend on t.
However, here we only need t ≤ 1.
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Now we are ready to prove theorem 1.11:
Proof of Theorem 1.11.
Case n ≥ 3: Let fp, p ≥ 1 be a test function in (1.8). We have
∫
M
fpftdµ(t)−
∫
M
fp∆fdµ(t) ≤ a
∫
M
fp+1dµ(t).
Integration by parts, we have
1
p+ 1
∫
M
(fp+1)tdµ(t) +
4p
(p+ 1)2
∫
M
|∇f p+12 |2dµ(t) ≤ a
∫
M
fp+1dµ(t).
Moreover, since ∂tdµ(t) = ∆udµ(t) = (
n
2 −R)dµ(t),
1
p+ 1
∂t
∫
M
fp+1dµ(t) +
1
p+ 1
∫
M
Rfp+1dµ(t) +
4p
(p+ 1)2
∫
M
|∇f p+12 |2dµ(t)
≤ (a+ n
p+ 1
)
∫
M
fp+1dµ(t).
Multiplying both sides p+ 1, since 4p ≥ 2(p+ 1) for all p ≥ 1, we get
∂t
∫
M
fp+1dµ(t)+
∫
M
Rfp+1dµ(t)+2
∫
M
|∇f p+12 |2dµ(t) ≤ (a(p+1)+n)
∫
M
fp+1dµ(t).
Since scalar curvature has a lower bound −C0, then
∂t
∫
M
fp+1dµ(t) +
1
2
(∫
M
(R+ C0)f
p+1dµ(t) + 4|∇f p+12 |2dµ(t)
)
≤ [a(p+ 1) + n+ C0]
∫
M
fp+1dµ(t).
(3.3)
For any 1 > σ > τ > 0, let
ψ(t) =


0, 0 ≤ t ≤ τ
t−τ
σ−τ , τ ≤ t ≤ σ
1, σ ≤ t ≤ 1
Multiplying (3.3) by ψ, we obtain
∂t
(
ψ
∫
M
fp+1dµ(t)
)
+
1
2
ψ
(∫
M
(R + C0)f
p+1dµ(t) + 4|∇f p+12 |2dµ(t)
)
≤ [(a(p+ 1) + n+ C0)ψ + ψ′]
∫
M
fp+1dµ(t).
Integrating this with respect to t we get
sup
σ≤t≤1
∫
M
fp+1dµ(t) +
1
2
(∫ 1
σ
∫
M
[(R + C0)f
p+1dµ(t) + 4|∇f p+12 |2]dµ(t)dt
)
≤ [(a(p+ 1) + n+ C0) + 1
σ − τ ]
∫ 1
τ
∫
M
fp+1dµ(t)dt.
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Applying the L2 Sobolev inequality along the Ka¨hler Ricci flow (Lemma 3.1), we
deduce∫ 1
σ
∫
M
f (p+1)(1+
2
n )dµ(t)dt
≤
∫ 1
σ
(∫
M
fp+1dµ(t)
) 2
n
(∫
M
f (p+1)
n
n−2 dµ(t)
)n−2
n
dt
≤ sup
σ≤t≤1
(∫
M
fp+1dµ(t)
) 2
n
∫ 1
σ
A
(∫
M
[(R+ C0)f
p+1dµ(t) + 4|∇f p+12 |2]dµ(t)
)
dt
≤ 2A[(p+ 1)a+ n+ C0 + 1
σ − τ ]
1+ 2n
(∫ 1
τ
∫
M
fp+1dµ(t)dt
)1+ 2n
.
We put
H(p, τ) =
(∫ 1
τ
∫
M
fpdµ(t)dt
) 1
p
, for any p ≥ 2, 0 < τ < 1.
Thus
H(p(1 +
2
n
), σ) ≤ (2A)
1
p(1+ 2
n
) [pa+ n+ C0 +
1
σ − τ ]
1
pH(p, τ).
Fix 0 < t0 < t1 < 1, p0 ≥ 2 and set χ = 1+ 2n , pk = p0χk, τk = t0+(1− 1χk )(t1−t0).
Then we have
H(pk+1, τk+1) ≤ (2A)
1
pk+1 [pka+ n+ C0 +
1
t1 − t0
χ
χ− 1χ
k]
1
pkH(pk, τk).
By iteration, we have
H(pm+1, τm+1)
≤ (2A)
∑m
k=0
1
pk+1 [p0a+ n+ C0 +
1
t1 − t0
χ
χ− 1]
∑m
k=0
1
pk χ
∑m
k=0
k
pkH(p0, τ0).
Letting m→∞, we obtain
H(p∞, τ∞) ≤ C1[p0a+ n+ C0 + n+ 2
2(t1 − t0) ]
n+2
2p0 H(p0, τ0)
for all p0 ≥ 2. That is
sup
(x,t)∈M×[t1,1]
|f(x, t)| ≤ C1[p0a+ n+ C0 + n+ 2
2(t1 − t0) ]
n+2
2p0
(∫ 1
t0
∫
M
fp0dµ(t)dt
) 1
p0
.
Since 0 < t0 < t1 < 1, we have
sup
(x,t)∈M×[t1,1]
|f(x, t)| ≤ C2
(t1 − t0)
n+2
2p0
(∫ 1
t0
∫
M
fp0dµ(t)dt
) 1
p0
, for all p0 ≥ 2,
where C2 depending only on p0, a, dimension n, Sobolev constant Cs, volume V
and a lower bound of R(g(0)). For 0 < p < 2, we set
h(s) = sup
(x,t)∈M×[s,1]
|f(x, t)|.
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So
h(t1) ≤ C2
(t1 − t0)n+24
(∫ 1
t0
∫
M
f2dµ(t)dt
) 1
2
≤ h(t0) 12 (2−p) C2
(t1 − t0)n+24
(∫ 1
t0
∫
M
fpdµ(t)dt
) 1
2
≤ 1
2
h(t0) +
C3
(t1 − t0)
n+2
2p
(∫ 1
t0
∫
M
fpdµ(t)dt
) 1
p
.
By a iteration lemma(Lemma 4.3 of [15]), we get
h(t1) ≤ C4
(t1 − t0)
n+2
2p
(∫ 1
0
∫
M
fpdµ(t)dt
) 1
p
, for all 0 < t0 < t1 < 1, p > 0.
Letting t0 → 0 we have
h(t1) ≤ C4
t
n+2
2p
1
(∫ 1
0
∫
M
fpdµ(t)dt
) 1
p
,
where constant C4 depends only on p, a, dimension n, Sobolev constant Cs, volume
V and a lower bound of R(0).
Case n = 2: we only need to replace Lemma 3.1 with Lemma 3.2. 
Remark 3.4. From the above proof, one can find that it also holds for Ricci flow
on real Riemannian manifold.
4. Proof of Theorem 1.9
The purpose of this section is to prove Theorem 1.9. This mainly bases on the
linear parabolic estimate in Theorem 1.11. Since along the Ka¨hler Ricci flow (1.5)
we have the evolution equations, see[25]
(∂t −∆)R = |∇∇¯u|2 +R− n
2
,
(∂t −∆)|∇u|2 = −|∇∇u|2 − |∇∇¯u|2 + |∇u|2.
Hence
(∂t −∆)(R + |∇u|2) = −|∇∇u|2 +R + |∇u|2 − n
2
≤ R+ |∇u|2.
Applying Theorem 1.11, we have
(4.1) sup
x∈M
|R+ |∇u|2|(x, t) ≤ C
t
n0+2
2
∫ 1
0
∫
M
|R+ |∇u|2|dµ(t)dt.
for all 0 < t < 1, where constant C depends only on dimension n, Sobolev constant
Cs of g(0) and a lower bound of R(g(0)). Since Ricci curvature lower bound −K,
volume lower bound V0 and diameter upper bound d can deduce the L
2 Sobolev
inequality(see Theorem 3.2 of [16] or [18]). So C depends only on n, K, V0 and d.
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In order to get an upper bound ofR, it suffices to estimate
∫ 1
0
∫
M |R+|∇u|2|dµ(t)dt.
Since ∆u = n2 −R ≤ n2 + C0, then∫
M
|∆u|dµ(t) =
∫
M
|∆u− (n
2
+ C0) + (
n
2
+ C0)|dµ(t)
≤
∫
M
(
n
2
+ C0)−∆u+ (n
2
+ C0)dµ(t)
= (n+ 2C0)V.
Hence
∫
M |R|dµ(t) ≤ C1V , and then
(4.2)
∫ 1
0
∫
M
|R|dµ(t)dt ≤ C1V.
On the other hand, normalize u by
∫
M e
−udµ(t) = (2π)
n
2 . The evolution equation
of u is given by (2.6),
∂tu = ∆u+ u+ a, a = −
∫
M
ue−u(2π)
n
2 ≤ C′.
where C′ depends only on dimension n, volume of g(0), Sobolev constant Cs of g(0)
and a lower bound of R(g(0)). Thus
∂t
∫
M
udµ(t) =
∫
M
∂tudµ(t) +
∫
M
u∂tdµ(t)
=
∫
M
udµ(t) + aV +
∫
M
u∆udµ(t)
=
∫
M
udµ(t) + aV −
∫
M
|∇u|2dµ(t)
≤
∫
M
udµ(t) + C′V
(4.3)
and
(4.4)
∫
M
udµ(t) ≤
(∫
M
udµ(0) + C′V
)
et − CV ≤
(∫
M
udµ(0) + C′V
)
et.
Integrating (4.3) over [0, 1], we have∫ 1
0
∂t
∫
M
udµ(t)dt =
∫ 1
0
∫
M
udµ(t)dt+ aV −
∫ 1
0
∫
M
|∇u|2dµ(t)dt.
By (4.4) we have∫ 1
0
∫
M
|∇u|2dµ(t)dt
≤
∫ 1
0
∫
M
udµ(t)dt+ aV +
∫
M
udµ(0)−
∫
M
udµ(1)
≤ C′V + (e − 1)
(∫
M
udµ(0) + C′V
)
+
∫
M
udµ(0)−
∫
M
udµ(1).
Since
∫
M e
−udµ(1) = (2π)
n
2 , by Jensen’s inequality
ln
(2π)
n
2
V
= ln
(∫
M
e−u
dµ(1)
V
)
≥ 1
V
∫
M
−udµ(1).
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Hence we get
∫ 1
0
∫
M
|∇u|2dµ(t)dt ≤ C′V + (e− 1)
(∫
M
udµ(0) + C′V
)
+
∫
M
udµ(0) + V ln
(2π)
n
2
V
≤ e
(∫
M
udµ(0) + C′V
)
+ V ln
(2π)
n
2
V
.
(4.5)
Combining (4.2) with (4.5), we arrive at
(4.6)
∫ 1
0
∫
M
|R+ |∇u|2|dµ(t)dt ≤ C1V + e
(∫
M
udµ(0) + C′V
)
+ V ln
(2π)
n
2
V
.
In order to deduce an upper bound of scalar curvature R and gradient bound of
Ricci potential u, it suffices to estimate the upper bound of
∫
M
udµ(0).
Actually, since we have a lower bound of Ricci curvature Ric(g(0)) ≥ −Kg(0),
volume lower bound V0 > 0 and diameter upper bound d at time t = 0, we can get
a lower bound of the Green function Γ(x, y) ≥ −B at time t = 0 (see [2] and [12]),
where B depends only on K, V0, d and n. At time t = 0, since
∫
M
e−udµ(0) =
(2π)
n
2 , there must be a point x0 such that u(x0) ≤ − ln (2π)
n
2
V . Then by Green’s
formula
u(x0) =
1
V
∫
M
udµ(0) +
∫
M
Γ(x0, y)(−∆u(y))dµ(0),
that is
1
V
∫
M
udµ(0) = u(x0) +
∫
M
Γ(x0, y)∆u(y)dµ(0)
= u(x0) +
∫
M
(Γ(x0, y) +B)∆u(y)dµ(0)
= u(x0) +
∫
M
(Γ(x0, y) +B)(
n
2
−R)dµ(0)
≤ u(x0) + (n
2
+ C0)
∫
M
Γ(x0, y) +Bdµ(0)
≤ − ln (2π)
n
2
V
+ (
n
2
+ C0)BV.
(4.7)
Substituting (4.7) into (4.6), we have∫ 1
0
∫
M
|R+ |∇u|2|dµ(t)dt ≤ C2
where constant C2 depends only on K, n, V0 and d. Hence we finish the proof. 
5. Partial C0 estimate on S2
In this section, suppose (M,ω) is a complex dimension 1 Fano manifold with
R(ω) ≥ R0 > 0, Vol(M,ω) ≥ V0 > 0. Consider the heat flow(see [29])
(5.1)
∂f
∂s
= log
(
(ω + ∂∂f)
ω
)
+ f − hω, f |s=0 = 0.
This is in fact the Ka¨hler Ricci flow. Here hω is Ricci potential of ω. We will
denote by fs , ωs and Rs, the function f(s, ·), the Ka¨hler form ω+ ∂∂fs and scalar
curvature R(ωs).
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Remark 5.1. In this section, the following constants C depend only on R0 and V0.
It maybe change line by line. Moreover, constants Cp, cs will depend on p or s.
Differentiating (5.1), we obtain
∂∂
(
∂fs
∂s
)
= −Ric(ωs) + ωs
This implies that the Ricci potential hωs = −∂fs∂s + cs where cs is constant. Since
f0 = 0, we have c0 = 0.
Lemma 5.2. There exist constants V
′
0 , d depending only on R0, V0 such that, for
all s > 0, holds
R(ωs) ≥ 0, V0 ≤ Vol(M,ωs) ≤ V
′
0 , diam(M,ωs) ≤ d.
What’s more, for all s ≥ R0 > 0, R(ωs) has a uniform upper bound.
Proof. We have the evolution equation along the Ka¨hler Ricci flow,
∂Rs
∂s
= ∆sRs +R
2
s −Rs,
Since R(ω) ≥ R0 > 0, by maximum principle, Rs ≥ 0. On the other hand,
R2s −Rs ≥ − 14 , then
∂Rs
∂s
≥ ∆sRs − 1
4
.
Applying maximum principle again, we obtain
R(ωs)min ≥ R0 − 1
4
s
for time 0 ≤ s ≤ R0. Then we have R(ωs) ≥ 34R0 > 0 for time 0 ≤ s ≤ R0. By
Meyer’s diameter theorem, we obtain the upper bound of diameter. By volume
comparison theorem and the upper bound of diameter, we deduce the upper bound
of volume.
For s ≥ R0, applying Theorem 1.9, we have an upper bound of R(ωR0) and an
upper bound of the C1-norm for hωR0 . Using Perelman’s theorem, i.e., Theorem
1.8, we get the upper bound of R(ωs) and diam(M,ωs) for all s ≥ R0. 
Normalize hωs by
∫
M e
hωsωs = 2π. Then along the Ka¨hler Ricci flow, we have
the evolution equation of hωs , see [25]
(5.2)
∂hωs
∂s
= ∆shωs + hωs − a,
where a = 12π
∫
M hωse
hωsωs is uniformly bounded.
Lemma 5.3. ∀p ≥ 1, ∀s ≥ 0, there exists constant Cp depending only on p, R0
and V0 such that
||hωs ||Lp(M,ωs) ≤ Cp.
Proof. Since −∂∂hωs = −Ric(ωs) + ωs, by taking the trace, we get
(5.3) −∆shωs = 1−Rs.
By Lemma 5.2, we can estimate the Green function Γs(x, y) of ∆s at all time s(see
also [2],[12],[13]),
(5.4) − C < Γs(x, y) ≤ C| log(d(x, y))| + C
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where constant C depends only on R0, V0.
Since
∫
M e
hωsωs = 2π, by Jensen’s inequality, we have
∫
M hωsωs ≤ C. On the
other hand, by the lower bound estimate of Γs(x, y), we can estimate the lower
bound of
∫
M
hωsωs . Actually, since
∫
M
ehωsωs = 2π, there must be a point xs such
that hωs(xs) = log(
2π
V ). Then by Green’s formula
1
V
∫
M
hωsω = hωs(xs) +
∫
M
Γs(x, y)∆shωsωs
= hωs(xs) +
∫
M
(Γs(x, y) + C)(Rs − 1)ωs
≥ hωs(xs)−
∫
M
(Γs(x, y) + C)ωs
= log(
2π
V
)− CV.
Hence, there exists a uniform constant C such that the following holds
| 1
V
∫
M
hωsωs| ≤ C.
Using Green’s formula again, we have
(5.5) hωs(x) =
1
V
∫
M
hωsωs +
∫
M
Γs(x, y)(−∆shωs(y))ωs(y).
Moreover, ||∆shωs ||L1(M,ωs) is uniformly bounded. By (5.3) and Gauss-Bonnet
theorem,
||∆shωs ||L1(M,ωs) ≤ V
′
0 +
∫
M
Rsωs ≤ C.
Applying Young’s inequality to (5.5), we arrive at
||hωs ||Lp(M,ωs) ≤ C + sup
x∈M
(∫
M
|Γs(x, y)|pωs(y)
) 1
p
||∆shωs ||L1(M,ωs).
Claim:
∫
M |Γs(x, y)|pωs(y) ≤ Cp, for some constantCp depending only on p, R0, V0.
Actually, by inequality (5.4), we only need to show
∫
M
| log(d(x, y))|pωs(y) is
uniformly bounded.∫
M
| log(d(x, y))|pωs(y) ≤
∫
B(x,1)
| log(d(x, y))|pωs(y) +
∫
M\B(x,1)
| log(d(x, y))|pωs(y)
≤
∞∑
k=0
∫
B(x, 1
2k
)\B(x, 1
2k+1
)
| log(d(x, y))|pωs(y) + V
′
0 log(d)
p
≤
∞∑
k=0
| log( 1
2k+1
)|p
∫
B(x, 1
2k
)
ωs(y) + V
′
0 log(d)
p
≤
∞∑
k=0
(log(2)(k + 1))pvol(B(x,
1
2k
)) + V
′
0 log(d)
p
≤
∞∑
k=0
(log(2)(k + 1))p
c
4k
+ V
′
0 log(d)
p
≤ Cp
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where we have used the volume comparison, so the Claim holds. Hence the Lp-norm
of hωs is uniformly bounded. 
Lemma 5.4. There exists a constant C depending only on R0, V0 such that
(5.6) |cs| ≤ C(es − 1), for all s > 0
where cs =
∂fs
∂s + hωs .
Proof. Differentiating (5.1) we have
(5.7)
∂
∂s
(
∂fs
∂s
)
= ∆s
(
∂fs
∂s
)
+
∂fs
∂s
and combine this with (5.2). We have
∂
∂s
(
∂fs
∂s
+ hωs
)
= ∆s
(
∂fs
∂s
+ hωs
)
+
(
∂fs
∂s
+ hωs
)
− a.
That is
∂
∂s
cs = cs − a.
Since c0 = 0, a is bounded, we can deduce the bound for cs easily,
|cs| ≤ C(es − 1).

Now we can estimate the Ka¨hler potential,
Lemma 5.5. There exists a constant C depending only on R0, V0 such that
|fs(x)| ≤ C
√
s
for all s ≤ 1.
Proof. By Lemma 5.3 and Lemma 5.4, we have
||∂fs
∂s
||Lp ≤ Cp, for all s ≤ 1.
Combining Theorem 1.11 with equation (5.7), we obtain
|∂fs
∂s
| ≤ Cp,n0
s
n0+2
2p
, for all s ≤ 1.
Choose n0 = 3, p = 5. We have |∂fs∂s | ≤ C√s . Then
|ft(x)− f0(x)| ≤
∫ t
0
|∂fs
∂s
|ds ≤ C
√
t
for all t ≤ 1. Noting that f0 = 0, then we have |fs(x)| ≤ C
√
s, for all s ≤ 1. 
Since
Ric(ωs)− ∂∂hωs = ωs,
we can choose ωse
hωs as a Hermitian metric of anti-canonical line bundle K−1M with
curvature form ωs, denoting by Hωs .
Lemma 5.6. For all s ≤ 1,Hω and Hωs are equivalent. i.e., there exists a constant
C depending only on R0, V0 such that
1
C
Hω ≤ Hωs ≤ CHω.
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Proof. By equation (5.1), we have
e
∂fs
∂s −fs+hω =
ωs
ω
.
Thus
ecs−fs =
ωse
− ∂fs∂s +cs
ωehω
=
Hωs
Hω
.
By Lemma 5.4 and Lemma 5.5, we conclude
1
C
≤ Hωs
Hω
≤ C
for all s ≤ 1. 
Now we turn to prove Theorem 1.7.
Proof of Theorem 1.7. We will argue by contradiction. Suppose there exists a
family Fano manifolds (M i, ωi) satisfying R(ωi) ≥ R0, Vol(M i, ωi) ≥ V0, but there
exist {xi ∈M i} such that
ρωi,l(xi)→ 0, when i→∞.
Assume Si ∈ H0(M i,K−lMi) satisfying ||Si||2H⊗l
ωi1
,ωi1
= 1,
||Si||2H
ωi
1
(xi) = sup
||S||2
H
⊗l
ωi1
,ωi1
=1
||S||2
H⊗l
ωi1
(xi) = ηωi1(xi).
Here ωi1 is the Ka¨hler form at time t = 1 along the Ka¨hler Ricci flow with initial
metric ωi on Fano manifold M i. Then by Lemma 5.6 and Remark 1.2,
ηωi1(xi) =
||Si||2
H⊗l
ωi
1
(xi)
||Si||2
H⊗l
ωi
(xi)
· ||S||2
H⊗l
ωi
,ωi
·
||Si||2
H⊗l
ωi
(xi)
||S||2
H⊗l
ωi
,ωi
≤
||Si||2
H⊗l
ωi1
(xi)
||Si||2
H⊗l
ωi
(xi)
· ||S||2
H⊗l
ωi
,ωi
· ηωi(xi)
≤ C||S||2
H⊗l
ωi
,ωi
· ρωi,l(xi).
Using Remark 1.2 again, we obtain
ρωi1,l(xi) ≤ NC||S||
2
H⊗l
ωi
,ωi
· ρωi,l(xi).
By Lemma 5.2, we have 0 ≤ R(ωi1) ≤ C, V0 ≤ Vol(M i, ωi1) ≤ V
′
0 . Then by Moser’s
iteration we have ||Si||2
H⊗l
ωi
1
(x) ≤ C, for all x ∈M i(see[27]). Since H⊗l
ωi1
and H⊗lωi are
equivalent, so
||Si||2
H⊗l
ωi
(x) ≤ C
Thus
||S||2
H⊗l
ωi
,ωi
≤ CV ′0
Hence
ρωi1,l(xi) ≤ NCρωi,l(xi)→ 0, when i→∞.
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But the family (M i, ωi1) have bounded curvature, bounded volume, bounded di-
ameter. By Hamilton’s compactness theorem for Ricci flow([14]), ρωi1,l(x) have a
uniform lower bound. This is a contradiction. Hence we complete the proof. 
Remark 5.7. Under the above estimates, we can also prove that the Bergman kernel
is uniformly continuous along the Ka¨hler Ricci flow by showing the measure is
uniformly continuous.
6. Partial C0 estimate for complex dimension ≥ 2
Suppose (M,ω) is a complex dimensionm = n2 ≥ 2 Fano manifold, with Ric(ω) ≥
R0, Vol(M,ω) ≥ V0, diam(M,ω) ≤ d. Consider the heat flow(see [29])
(6.1)
∂f
∂s
= log
(
(ω + ∂∂f)m
ωm
)
+ f − hω, f |s=0 = 0.
This is in fact the Ka¨hler Ricci flow. Here hω is Ricci potential of ω. We will denote
by fs and ωs the function f(s, ·) and the Ka¨hler form ω + ∂∂fs.
Remark 6.1. In this section, the following constants C depend only on R0, V0, d, n.
It maybe change line by line.
Remark 6.2. In order to estimate the Bergman kernel for high dimension, we only
need to estimate the Ka¨hler potential like the case of complex dimension 1. How-
ever, the estimates of dimension 1 mostly depend on the property of dimension 1
which we can’t extend to high dimension. Hence we must need another approach.
First, we can estimate the upper bound of hω. The proof is similar to Lemma
2.4.
Lemma 6.3. Suppose hω is the Ricci potential of ω. Normalize it by
∫
M
ehωωm =
(2π)m. Then there is a uniform constant C depending only on R0, V0, d and m
such that
(6.2) hω ≤ C,
Proof. Since Ric(ω)− ∂∂hω = ω, taking the trace respect to ω, we obtain
∆hω = R−m.
Thus
∆ehω = ∆hωe
hω + |∇hω|2ehω
≥ (R −m)ehω
≥ −Cehω .
(6.3)
Moreover, since Ric(ω) ≥ R0, Vol(M,ω) ≥ V0, diam(M,ω) ≤ d, then the L2-
Sobolev inequality holds,
(∫
M
φ
2m
m−1ωm
)m−1
m
≤ C
(∫
M
|∇φ|2ωm +
∫
M
φ2ωm
)
.
The Moser’s iteration and inequality (6.3) imply
ehω ≤ C
∫
M
ehωωm = C(2π)m.
Hence the upper bound of hω follows. 
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Now we can estimate the Ka¨hler potential fs,
Lemma 6.4. Let fs be the Ka¨hler potential of ωs, satisfying equation (6.1). Then
for all s ≥ 0, we have a lower bound estimate for fs,
(6.4) fs ≥ C(1 − es).
Proof. By Lemma 6.3,
∂fs
∂s
= log
(
ωms
ωm
)
+ fs − hω
≥ log
(
ωms
ωm
)
+ fs − C.
Using maximum principle, we have
∂fs
∂s
≥ fs − C.
Then
∂s
(
fse
−s) ≥ −Ce−s.
Since f0 = 0, we deduce
fs ≥ C(1 − es).

Lemma 6.5. Let fs be the Ka¨hler potential of ωs, satisfying equation (6.1). Then
for all s ≥ 0, we have an upper bound estimate for fs,
(6.5) fs ≤ Ces.
Proof. Since ωs = ω + ∂∂fs > 0, taking trace respect to ω, we have
m+∆fs > 0
By the assumption of initial metric ω, we can control the Green function lower
bound Γ(x, y) ≥ −C. Applying Green’s formula, we have
fs(x) =
1
V
∫
M
fsω
m +
∫
M
Γ(x, y)(−∆fs)ωm
=
1
V
∫
M
fsω
m +
∫
M
(Γ(x, y) + C)(−∆fs)ωm
≤ 1
V
∫
M
fsω
m +m
∫
M
(Γ(x, y) + C)ωm
≤ mCV + 1
V
∫
M
fsω
m.
(6.6)
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In order to get an upper bound of fs, it suffices to estimate
1
V
∫
M
fsω
m. Actually,
by (6.1) and Jensen’s inequality,
∂
∂s
(
1
V
∫
M
fsω
m
)
=
1
V
∫
M
∂fs
∂s
ωm
=
1
V
∫
M
log
(
ωms
ωm
)
ωm +
1
V
∫
M
fsω
m − 1
V
∫
M
hωω
m
≤ log
(∫
M
ωms
ωm
ωm
V
)
+
1
V
∫
M
fsω
m − 1
V
∫
M
hωω
m
≤ 1
V
∫
M
fsω
m − 1
V
∫
M
hωω
m.
(6.7)
On the other hand, we have a lower bound estimate of 1V
∫
M
hωω
m ≥ −C, see (4.7),
noting that −u = hω. Hence
∂
∂s
(
1
V
∫
M
fsω
m
)
≤ C + 1
V
∫
M
fsω
m.
Since f0 = 0, then we get the upper bound of
1
V
∫
M fsω
m,
1
V
∫
M
fsω
m ≤ C(es − 1).
Substituting into (6.6), the lemma follows. 
Remark 6.6. Since we can estimate the L1-norm of Ka¨hler potential fs, one can
use Moser’s iteration to get the upper bound of fs. Furthermore the upper bound
will go to zero when time go to zero.
Remark 6.7. If we have a C0 bound of the Ricci potential hω, by using Maximum
principal theorem, one can easily deduce all the above bound(see [29]). However,
we do not have the C0 bound for the Ricci potential hω here.
We can choose ωms e
hωs as a Hermitian metric of anti-canonical line bundle K−1M
with curvature form ωs, since
Ric(ωs)− ∂∂hωs = ωs.
Denote ωms e
hωs by Hωs . Noticing that the constant cs = hωs +
∂fs
∂s have a uniform
bound in Lemma 5.4 and combining Lemma 6.4 with Lemma 6.5, we have
Lemma 6.8. For all s ≤ 1, Hω and Hωs are equivalent. i.e.,
1
C
Hω ≤ Hωs ≤ CHω.
where the constant C depends only on R0, V0, m and d.
Proof. By equation (6.1), we have
e
∂fs
∂s −fs+hω =
ωms
ωm
.
Thus
ecs−fs =
ωms e
− ∂fs∂s +cs
ωmehω
=
Hωs
Hω
.
By Lemma 5.4, Lemma 6.4, and Lemma 6.5, we deduce
1
C
≤ Hωs
Hω
≤ C
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for all s ≤ 1. 
The diameter upper bound is also under control.
Lemma 6.9. For 12 ≤ s ≤ 1, there exits a uniform constant D > 0 depending only
on R0, V0, d and m such that
(6.8) diam(M,ωs) ≤ D.
Proof. Since along the Ka¨hler Ricci flow, the following L2-Sobolev inequality holds(see
Ye[34] or Zhang[35]),
(∫
M
φ(x)
2m
m−1ωms
)m−1
m
≤ A
(∫
M
[
4|∇φ(x)|2 + (Rs + C0)φ2(x)
]
ωms
)
for all 0 ≤ s ≤ 1 and φ ∈ W 1,2(M,ωs). For 12 ≤ s ≤ 1, by Theorem 1.9, we have
|Rs| ≤ C. Hence(∫
M
φ(x)
2m
m−1ωms
)m−1
m
≤ C
(∫
M
[
4|∇φ(x)|2 + φ2(x)]ωms
)
.
Since the L2-Sobolev inequality implies the non-collapsing of volume (see Lemma
2.2 of [16]) and the volume is preserved along the Ka¨hler Ricci flow, thus there
must be a uniform upper bound for diameter. 
Theorem 6.10. For all 12 ≤ s ≤ 1, all l ≥ 1, the Bergman kernels ρω,l and ρωs,l
are equivalent. i.e., there exists a constant Cl depending only on R0, V0, d, l and
m, such that
(6.9)
1
Cl
ρω,l ≤ ρωs,l ≤ Clρω,l.
Proof. Assume Ss ∈ H0(M,K−lM ), x ∈M , satisfying ||Ss||2H⊗lωs ,ωs = 1,
||Ss||2H⊗lωs (x) = sup||S||2
H
⊗l
ωs ,ωs
=1
||S||2
H⊗lωs
(x) = ηωs(x).
Then, by Lemma 6.8 and Remark 1.2
ηωs(x) =
||Ss||2H⊗lωs (x)
||Ss||2H⊗lω (x)
· ||Ss||2H⊗lω ,ω ·
||Ss||2H⊗lω (x)
||Ss||2H⊗lω ,ω
≤
||Ss||2H⊗lωs (x)
||Ss||2H⊗lω (x)
· ||Ss||2H⊗lω ,ω · ηω(x)
≤ C||Ss||2H⊗lω ,ω · ρω,l(x).
Using Remark 1.2 again, we obtain
ρωs,l(x) ≤ NC||Ss||2H⊗lω ,ω · ρω,l(x).
Due to Zhang [35] or Ye[34], and the upper bound estimate of scalar curvature in
Theorem 1.9, we have the L2-Sobolev inequality holds, for all 12 ≤ s ≤ 1,(∫
M
φ(x)
2m
m−1ωms
)m−1
m
≤ C
(∫
M
[
4|∇φ(x)|2 + φ2(x)]ωms
)
, ∀φ ∈W 1,2(M,ωs).
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Moreover, for section Ss, we have equation (see Tian [27])
∆s||Si||2H⊗lωs = ||∇Ss||
2
H⊗lωs
−ml||Si||2H⊗lωs ≥ −ml||Si||
2
H⊗lωs
.
Applying Moser’s iteration, for all y ∈M , we deduce
||Ss||2H⊗lωs (y) ≤ C||Ss||
2
H⊗lωs ,ωs
= C.
By the equivalence of H⊗lωs and H
⊗l
ω , we have
||Ss||2H⊗lω (y) ≤ C.
This implies
||Ss||2H⊗lω ,ω ≤ CV.
Hence
ρωs,l(x) ≤ NCρω,l(x).
The proof of the other part is similar. 
In order to prove Theorem 1.5, we only need to prove the following:
Theorem 6.11. For any family of Fano manifolds {(M,ωi)} with complex dimen-
sion m = 2, 3 and Ric(ωi) ≥ R0, Vol(M,ωi) ≥ V0, diam(M,ωi) ≤ d, there exists
a subsequence {(M,ωik)} and sequence lk →∞, such that for all l = lk
inf
ik
inf
x∈M
ρωik ,l(x) > 0.
Proof. Let (M,ωis) be the manifolds at time t = s along the Ka¨hler Ricci flow with
initial metric ωi. By the above theorem 6.10 (the equivalence of Bergman kernels),
if we can show a uniform lower bound for the Bergman kernel ρωi1,l of (M,ω
i
1) with
a sequence of l → ∞, then the Theorem follows. We need the following lemmas
developed in Tian and Zhang’s paper [33].
First of all, the L4-estimate of Ricci curvature is the key step to prove the
theorem.
Lemma 6.12. ([33]) Let (M,ω) be a Fano manifold with complex dimension m,
Ric(ω) ≥ R0, Vol(M,ω) ≥ V0 > 0, diam(M,ω) ≤ d. Then along the Ka¨hler Ricci
flow
(6.10) ∂tgij¯ = gij¯ − Rij¯ = uij¯ , ω(0) = ω,
there exists C = C(R0, V0, d,m) such that
(6.11)
∫
M
|Ric(ωt)|4ωmt ≤ C, ∀t ∈ [
1
2
, 1].
Proof. The proof is similar to [33] by noticing our estimates in Theorem 1.9,
(6.12) ||u(t)||C0 + ||∇u(t)||C0 + ||∆u(t)||C0 ≤ C, ∀t ∈ [
1
2
, 1]
where C = C(R0, V0, d,m). Combining (6.12) with the Chern-Weil theory, we have
the following L2-estimate
(6.13)
∫
M
(|∇∇u|2 + |∇∇u|2 + |Rm|2)ωmt ≤ C, ∀t ∈ [
1
2
, 1].
Then by Bochner formula and integration by parts, we have L4-estimate
(6.14)
∫
M
|∇∇u|4ωmt ≤ C
∫
M
(|∇∇∇u|2 + |∇∇∇u|2)ωmt ,
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and
(6.15)
∫
M
|∇∇u|4ωmt ≤ C
∫
M
(|∇∇∇u|2 + |∇∇∇u|2 + |∇∇∇u|2)ωmt
for all t ∈ [ 12 , 1]. In order to prove the L4-bound of Ricci curvature, it suffices to
estimate the L2-bound of the third derivatives of u. Actually, by integration by
parts and (6.12), we have∫
M
(|∇∇∇u|2 + |∇∇∇u|2 + |∇∇∇u|2)ωmt
≤ C
∫
M
(|∇∆u|2 + |Rm|2 + |∇∇u|2)ωmt , ∀t ∈ [
1
2
, 1].
(6.16)
In [33], by using the evolution equation of |∇∆u|2 and (6.16) the authors can
estimate the upper bound of
∫
M |∇∆u|2ωmt . Thus we finish the proof where the
constants C above depending only on R0, V0, d and m. One can find more details
in [33]. 
By using the methods developed by Cheeger-Colding [5, 6, 7] and Cheeger-
Colding-Tian [8] and Petersen-Wei [22, 23], the authors in [33] can prove
Lemma 6.13. ([33]) Let {(Mi, ωi)} be a family of Fano manifolds with complex
dimension m and
(6.17)
∫
Mi
|Ric|p ≤ Λ.
We further assume the non-collapsing, Vol(Br(x)) ≥ κr2m, for all x ∈ Mi, r ≤ 1,
where p > m and κ, Γ are uniform positive constants. Then there exists a subse-
quence such that (Mi, ω
i) is convergent in the pointed Gromov-Hausdorff topology
(6.18) (Mi, ω
i)
dGH−−−→ (M∞, d),
and the followings hold,
(i) M∞ = S ∪ R such that the singular set S is a closed set of codimension ≥ 4
and R is convex in M∞;
(ii) There exists a Cα, ∀α < 2− mp , metric g∞ on R which induces d;
(iii) ωi converges to g∞ in the Cα topology on R. 
Combining the L4-bound estimate of Ricci curvature along the Ka¨hler Ricci flow
(Lemma 6.12) and applying Perelman’s pseudolocality theorem [21] of Ricci flow
and Shi’s higher derivative estimate to curvature [26], with the same argument in
section 3.3 of [33] we can show that the convergence is smooth on the regular set
along the Ka¨hler Ricci flow:
Lemma 6.14. ([33]) With the same assumptions as Theorem 6.11, denote by ωi1,
the 1 time slice of the Ka¨hler Ricci flow starting from ωi. Then up to a subsequence
we have
(6.19) (M,ωi1)
dGH−−−→ (M∞, d),
and the limit M∞ is smooth outside a closed subset S of real codimension ≥ 4 and
d is induced by a smooth Ka¨hler metric g∞ on M∞\S. Moreover, ωi1 converge to
g∞ in C∞-topology outside S. 
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Now by noticing the estimate of Ricci potential,
(6.20) ||u(t)||C0 + ||∇u(t)||C0 + ||∆u(t)||C0 ≤ C, ∀t ∈ [
1
2
, 1]
and the smooth convergence of (M,ωi1), we can finish the proof of Theorem 6.11
with the similar arguments as in [31, 32], see also the proof of Theorem 5.1 in [33].
We remark that the C1 estimate to u(t) will be used in the iteration arguments to
cancel the bad terms containing ∇∇u(t). 
Since the nonnegative holomorphic bisectional curvature is preserved along the
Ka¨hler Ricci flow(see [19]), then combining with the upper bound estimate of scalar
curvature (Theorem 1.9), the diameter estimate (Lemma 6.9) and Hamilton’s com-
pactness theorem([14]), we have
Theorem 6.15. Let (M,ω) be a Fano manifold of complex dimension m ≥ 1,
with nonnegative holomorphic bisectional curvature, volume lower bound V0 > 0
and diameter upper bound d. Then for all l ∈ N+, the Bergman kernel ρω,l has a
uniform positive lower bound
(6.21) ρω,l > cl > 0
where the constant cl depends only on m, V0, d and l. 
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